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We present a lattice study of a 2-flavor U(1) gauge-Higgs model quantum field theory with a
topological term at θ = pi. Such studies are prohibitively costly in the standard lattice formulation
due to the sign-problem. Using a novel discretization of the model, along with an exact lattice du-
alization, we overcome the sign-problem and reliably simulate such systems. Our work provides the
first ab initio demonstration that the model is in the spin-chain universality class, and demonstrates
the power of the new approach to U(1) gauge theories.
Quantum field theories with θ-terms are of immense
interest, both in high-energy as well as condensed matter
physics. The θ-angle is an example of a purely quan-
tum deformation, which is inconsequential for the classi-
cal motion of the system. Yet the presence of the θ-term
can dramatically change a quantum system. A textbook
example of a θ-term is the motion of a particle on a ring
in the presence of a magnetic flux. Classically the motion
is undisturbed as the magnetic field is zero everywhere
along the path of the particle. Still the quantum system
can feel the magnetic field through the Aharonov-Bohm
effect, reshuffling the spectrum back onto itself as the
magnetic flux is increased to the unit flux quantum. The
θ-term in the path-integral description precisely corre-
sponds to the magnetic flux, normalized such that θ = 2pi
corresponds to the unit flux quantum.
In Quantum Chromodynamics the possibility to write
a θ-term is the basis of the strong CP problem, which
is among the most important problems of modern high-
energy physics. More relevant for this work is that in the
effective description of antiferromagnetic (AFM) spin-
chains θ-terms may arise due to the Berry phases in the
path-integral quantization of spin, as first noted by Hal-
dane [1]. The observation that integer and half-integer
spin chains are distinguished in the effective field theory
description by the value of the θ-parameter, θ = 0 and
θ = pi, respectively, is the basis of Haldane’s conjecture.
Haldane’s work, along with the integrability of the
S = 1/2 Heisenberg model, the idea of non-abelian
bosonization [2] and the theoretical tractability of the
Wess-Zumino-Witten (WZW) theories [3, 4], gives a
compelling self-consistent picture of the θ = pi abelian
field theory, which we will review below. Yet very lit-
tle is understood from first principle computer simula-
tions. The reason is that the introduction of the θ-term
gives rise to a complex weight in the conventional for-
mulation of the path-integral, which prohibits efficient
Monte-Carlo sampling. Recently we have proposed a so-
lution to this sign-problem relevant for such systems. The
approach relies on the reformulation and dualization of
U(1) lattice gauge theory in 2d [5], that was general-
ized to higher dimensions by two of us in [6]. Here we
apply these ideas to a 2-flavor U(1) gauge-Higgs model,
relevant for spin-chains. Using first principle numerical
calculations we, for the first time, confirm the theoreti-
cal picture that arises indirectly by other reasoning. At
the same time the consistency gives credence to our novel
approach to U(1) lattice gauge theories, which have ap-
plications also in higher-dimensional spin systems, most
notably to the yet unsettled deconfined quantum criti-
cality in (2+1)d anti-ferromagnets (see, e.g., [7–10] and
references therein). On the other hand our formulation
may also have interesting implications for fundamental
aspects of electrodynamics on the lattice, including elec-
tric magnetic duality, and the possible existence of a con-
tinuum limit [6] contradicting the general lore. The suc-
cess of our methods demonstrated here in (1+1)d are an
important step towards a better understanding of U(1)
gauge theories and their interdisciplinary significance.
The model and its connection to spin chains: The
model we study is the 2-flavor Abelian gauge-Higgs model
described by the Euclidean Lagrangian
L = 1
4e2
FµνF
µν +
iθ
2pi
F12
+ (DµΦ)
†(DµΦ) +m2Φ†Φ + λ(Φ†Φ)2 , (1)
where µ = 1, 2 is the space-time index, Φ = (φ1, φ2)
T
is an SU(2) scalar doublet. Fµν = ∂µAν − ∂νAµ and
Dµ = ∂µ + iAµ, with Aµ the U(1) gauge field. We
will view the above theory in the spirit of an effective
theory, so that the Lagrangian should be supplemented
with a UV cutoff Λ. A transformation Φ → UΦ where
U is an SU(2) unitary matrix is a symmetry of the La-
grangian. However, the Z2 center symmetry of SU(2)
acting as Φ → −Φ is a subgroup of the U(1) gauge
symmetry Φ(x) → eiϕ(x)Φ(x), so the global symmetry
is SU(2)/Z2 ∼= SO(3) instead. Moreover the system has
a charge conjugation symmetry C which takes Φ → Φ∗
and Aµ → −Aµ, when θ = 0 or pi, which, together with
SO(3) forms the symmetry group O(3).
U(1) gauge theories in 2d are natural candidates for
spin-1/2 AFM spin-chains. The history of the connec-
tion of model (1) to spin-chains is a long one, with some
more recent developments involving anomalies, which we
briefly review here.
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2Consider first the limit1 −m2  Λ2, such that the
classical potential is minimized at the value Φ = Φ0 =
u
√|m2|/(2λ), where u is a 2-component unit vector.
Writing Φ(x) = u(x)
√|m2|/(2λ), the limit −m2  Λ2
effectively sets u†u = 1 and the model reduces to the
weakly coupled CP (1) nonlinear sigma model (NLS),
which is equivalent to the O(3) NLS model2.
The opposite limit of the model (1), where m2 is large
and positive is exactly computable, as the Φ-field is mas-
sive and can be integrated out. The result is a pure gauge
theory at θ = pi, which is exactly solvable and has a dou-
ble vacuum degeneracy due to the C-symmetry breaking.
On the other hand Haldane has shown that the SU(2)
Heisenberg spin-chain in the spin S representation is
equivalent to the weakly coupled O(3) model in the large
S limit [1], where the θ-angle is given by θ = 2piS mod 2pi
for translationally invariant systems, indicating that the
integer and half-integer SU(2) spin-chains fall into sep-
arate universality classes. This is nicely consistent with
the Lieb-Shultz-Mattis (LSM) theorem3 [12, 13], which,
along with the integrability of the S = 1/2 Heisen-
berg spin-chain, gives credence to the conjecture that
the O(3) model at θ = pi is critical (see also [14]). This
in turn leads to the plausible conjecture that all half-
integer Heisenberg spin-chains are critical. Furthermore,
the θ = pi O(3) model, as well as its cousin (1), are sub-
ject to a variety of anomaly matching constraints [15–19]
– which should be viewed as LSM-like theorems.
Lattice theory and duality: The usual lattice dis-
cretization uses U(1) valued phases on links. When con-
sidering the 2d theory with the θ-term, it is, however,
useful to instead define R-valued gauge fields Al on links
l, supplemented by integer-valued variables np living on
the plaquettes p, with gauge action
SG[A,n] =
∑
p
β
2
(Fp + 2pinp)
2 + iθ
∑
p
np , (2)
where β = 12e2 is the inverse gauge coupling, and Fp the
discretized version of the field strength. Apart from the
θ-term, the above action is the well-known Villain dis-
cretization of U(1) lattice gauge theory [20], while the
1 It is conventional in high-energy literature to label the coupling
in the Lagrangian as m2, such that when m2 is positive, m is
the tree-level mass of the Φ excitations.
2 To be precise, the CP (1) model has no kinetic term for the gauge
field. However, the kinetic term is irrelevant (i.e., the coupling
e is relevant), so its presence is not expected to change the be-
havior. Alternatively, we can think of the model with a nonzero
kinetic term as the RG iterated CP (1) model, where the kinetic
term is generated along the RG flow [11].
3 The LSM theorem states that an SO(3) and translationally in-
variant antiferromagnetic spin-chain is either gapless, or breaks
translation symmetry spontaneously.
θ-term was introduced in [5, 6]4. Using Poisson resum-
mation it is possible to replace∑
np∈Z
e−
β
2
(
Fp+2pinp
)2
+ iθnp →
∑
mp∈Z
e−
1
2β
(
mp+
θ
2pi
)2
+ iFpmp ,
(3)
such that the action is now linear in Fp. Integrating out
the Al after the appropriate “partial integration” imposes
the constraint that for pure gauge theory mp is constant
on all plaquettes, with a remaining weight that is real
and positive.
The matter sector of model (1) is described by an
SU(2) bosonic (Higgs) doublet Φ on lattice sites x, with
the action
SH [Φ, A] =
∑
x
[
MΦ†xΦx + λ
(
Φ†xΦx
)2
−
2∑
µ=1
(
Φ†xe
iAx,µΦx+µˆ + c.c.
)]
, (4)
where M = 4+m2. In (15) we denote links l as (x, µ) and
Ax,µ is a gauge field on a link rooted at x in the direction
µ. The partition function with the above matter-action
can be dualized to a sum over closed U(1) currents de-
scribed by closed contours C built out of lattice links,
which couple to the gauge field as ei
∑
l∈C Al . After the
insertion of such wordlines, Al can be integrated out,
causing mp to jump at the worldlines by the amount of
U(1) charge carried by the wordline. If the matter field
in question is bosonic, as in (1), the statistical weight of
the configurations is strictly positive, allowing for Monte
Carlo simulations in the dual representation. Using suit-
able methods [22] we simulate the model (1), varying m2
at fixed λ = 0.5 and β = 3. See [23] for details.
Phase diagram and numerical results: The LSM
theorem states that if O(2) ⊂ SO(3)-spin and lattice
translations are good symmetries of a half-integer spin
chain, then either the spin chain is gapless, or gapped and
degenerate. On the other hand, the field theory at θ = pi
has an analogous ‘t Hooft anomaly involving the charge-
conjugation symmetry C and the spin symmetry SO(3),
implying that either the C is broken or that the theory is
gapless [15–19]. Both of these are nicely consistent with
the limits of m2 → ±∞ we discussed above, and the
critical to dimer transition of spin-chains (see e.g. [24–
27]), provided that the translation symmetry is identified
with the symmetry5 CF : Φ → iσ2Φ∗, where σ2 is the
standard Pauli matrix.
4 The np play the role of a discrete 2-form gauge field which al-
lows the values of the Al to be restricted to [−pi, pi]. Moreover,
similar reasoning can be used to make a connection [6] with the
geometric definition of the topological charge [21].
5 The label CF is there to imply that the transformation is a com-
bination of the Z2 flavor symmetry subgroup F : Φ→ iσ2Φ and
the C symmetry.
3It is natural to conjecture that the phase transition
between the m2 → ∞, C-broken phase to the m2 →
−∞, O(3) NLS phase is of the same nature as the phase
transition between the dimerized phase of spin chains and
the critical phase described by the SU(2)1 Wess-Zumino-
Witten theory. One argument for this is that the SU(2)1
WZW theory can be deformed to the O(3) NLS model at
θ = pi, but only with the use of irrelevant deformations,
indicating that the O(3) NLS model at θ = pi would like
to flow to the WZW theory.
The picture above is compelling and largely a matter
of textbooks by now (see, e.g., [28]). It does, however,
rely on many assumptions, such as robustness of the crit-
ical WZW phase under large irrelevant deformations, the
validity of the large S limit down to S = 1/2, etc. The
development of a suitable formulation of a lattice model
which can be simulated at θ 6= 0, allows us for the first
time to provide reliable ab initio data for the model (1),
and to confirm the above picture6.
To test whether the transition from the m2 → ∞, C-
broken phase to the m2 → −∞ phase is of the same
nature as the dimer to critical spin chain transition, we
must discuss its universal properties. The relevant crit-
ical phase of the spin-chains is the SU(2)1 WZW phase
[34], which was checked by numerous simulations [27, 35–
38] and is consistent with the S = 1/2 integrable Heisen-
berg model [25]. The SU(2)1 WZW model has no rel-
evant couplings preserving the symmetries of the spin-
chain [34], and thus the gapless phase is (believed to be)
a fairly robust phase. A potential instability of the WZW
phase lies in a marginal operator [25], with a coupling
gm, which is either marginally relevant or marginally ir-
relevant, depending on the sign, and it is this coupling
that drives the transition from the WZW to the C-broken
phase. When θ 6= pi, a relevant operator with scaling di-
mension x = 1/2 and coupling gr ∝ (θ−pi) will be present
in the effective action [3, 4, 25]. This operator of course
breaks the C symmetry (and translation symmetry of the
spin chain). The RG equation for this coupling is
a
dgr
da
= (2− x)gr = 3
2
gr , (5)
where a is a sliding cutoff (length) scale. At the transition
point between the C-broken and the WZW phase, gm = 0
and the spin-Peierls mass-gap opens up MSP ∝ g2/3r . At
finite volume L2, the singular free energy density7 must
6 Some numerical experiments on NLS models were performed in
[29–33], but as opposed to our approach their applicability is
limited, and not easily generalizable to other interesting cases.
7 The free energy density transforms under the RG flow with two
parts. The first comes from integrating the short-distance de-
grees of freedom, while the second – so-called singular or homo-
geneous – part is due to the scale transformation. It is the second
part which is relevant for the critical behavior (see, e.g., [39]).
a)
b)
FIG. 1. Reweighted interpolation data for the topological
susceptibility χt. Fig. a) shows χt/L for various values of
the linear dimension L of the system. All curves intersect
well at the point (m2)c = −1.73(1), which is consistent with
the scaling of the SU(2)1 WZW theory, at marginal coupling
gm = 0. The inlay show the interpolation data for the dashed
region. Fig. b) shows that the same data obey the scaling
form (9), for c = 2.7.
be of the form
f =
1
L2
F (grL
3/2) . (6)
This follows from the fact that in 2d the free energy den-
sity scales like the inverse correlation length squared, and
that near gr = 0 the dependence on gr must be through
the combination MSPL. For the susceptibility at gr = 0
we thus find
χ =
∂2
∂g2r
f
∣∣∣
gr=0
∝ L . (7)
All of this is valid for gm = 0, while logarithmic volume
corrections need to be taken into account when gm 6= 0
[25]. This means that if we plot χ/L for different volumes,
as we vary m2 in the model (1) there should be a point
(m2)c where the curves for different volumes intersect,
4provided that the 1/L corrections are sufficiently small8.
Fig. 1a) shows the numerical data for four volumes
with linear dimension L = 32, 48, 64 and 80, and indeed
one can clearly see a point where all curves intersect.
The simulations were performed for m2 in the interval
[−1.8,−1.5], varying m2 in steps of 0.05. This Monte
Carlo data was then used to obtain the curves in Fig. 1a)
using reweighted interpolation. The inlay in Fig. 1a)
shows a zoom into the crossing region for which a sepa-
rated reweighted interpolation with data from the three
indicated points was generated. The four curves intersect
at (m2)c = −1.73(1) to within the specified accuracy,
which gives our estimate of the transition point.
To confirm the nature of the phase transition, we need
to derive the scaling form of the topological susceptibil-
ity in the presence of a nonzero coupling gm. The RG
equations for gm and gr are [25]
a
dgm
da
= pibmg
2
m , a
dgr
da
=
(
3
2
+ 2pibrgm
)
gr , (8)
where the sign of gm is chosen such that gm is marginally
relevant when positive9. The constants bm and br are
determined by the 3-point functions [25], and depend on
normalization of the 2-point functions. Indeed, in the
above RG equations we can always eliminate either br or
bm by redefining gm. One can show that the free energy
density at finite volume must be of the form
f =
1
L2
F
(
pibmgm
1− pibmgm log(L) ,
grL
3/2
(gm)
2br
bm
)
. (9)
This result requires some discussion: Under an RG flow
the UV cutoff changes as a → a′ > a, while the linear
dimension L shrinks to aa′L, so that L can be thought of
as changing under the RG flow as the correlation length
or inverse mass gap. The overall factor of 1L2 above ac-
counts for the RG flow of the singular free energy density,
so that the F -function must be constant under the RG
flow. For the bare couplings gm > 0, gr = 0, an exponen-
tially small mass-gap opens ∝ exp (−(pibmgm)−1), so the
universal function F must depend on the combination
exp
(−(pibmgm)−1)L. The first argument of F in (9) is
just the reciprocal of the logarithm of this combination.
When gr 6= 0 it is also straightforward to check that the
2nd argument in (9) is also RG invariant. The same is
true for gm < 0, so that (9) holds as long as gm, gr are
sufficiently small.
Taking the second derivative of 9 with respect to gr we
find
χt =
L
(1− c∆ logL) 4brbm
X
(
∆
1−∆c log(L)
)
, (10)
8 The definition of the topological susceptibility we use is shifted
by an overall constant, which is a trivial shift in the dual repre-
sentation that we employ.
9 Note that this is the opposite convention of that in Ref. [25].
where we set gm ∝ ∆ = m2 − (m2)c, and introduced an
undetermined coefficient c, and where X is some univer-
sal function.
We already remarked that gr 6= 0 corresponds to a
deviation of θ away from pi, which induces a spin-Peierls
transition, such that 2brbm =
3
4 [25], and the exponent in
the pre-factor of (10) is fixed. Fig. 1b) shows that the
data indeed nicely follow the scaling form (10) for a choice
of c = 2.7.
As an additional check, in Fig. 2 we show results of a
calculation of the spin stiffness ρs, which measures the
response of a system to a constant spatial gauge field A1
for a U(1) subgroup of the SO(3) symmetry, i.e.,
ρs ≡ 1
L2
∂2 logZ
∂A21
. (11)
The SU(2)1 WZW theory has a description in terms of a
compact scalar field φ(x) ∼ φ(x)+2pi, with Lagrangian10
L = 1
4pi
(∂µφ)
2 . (12)
The corresponding spin stiffness can be explicitly calcu-
lated [23] and is given by11 ρs =
1
4pi .
In Fig. 2 we plot the stiffness for various volumes, and
indicate the phase transition point (vertical line), as well
as the stiffness ρs =
1
4pi for the SU(2)1 WZW model
(horizontal line). As can be seen, exactly at the transition
point the stiffness for all volumes is very close to the
expected value. We have also computed the stiffness at
the critical point for values of θ away from pi and show
the corresponding results in the inlay of Fig 2.
Conclusion and future work: We have presented
Monte-Carlo simulations of the lattice 2-flavor U(1)
gauge-Higgs QFT model, with a topological angle θ. We
were mostly interested in the value θ = pi, for which
the model is supposed to be an effective description of
a half-integral spin chain. Such spin-chains with a full
SO(3) spin symmetry can be in two phases: in the dimer-
ized phase with a two-fold degenerate gapped ground
state, and in the critical SU(2)1 WZW phase. We have
shown that the lattice discretization we proposed in [5, 6],
which has the correct symmetries and anomalies, gives
rise to ab initio results consistent with the expected
WZW/dimerized transition.
This not only complements decades of research on anti-
ferromagnetic spin-chains and their connections to QFTs
with θ-terms, but also shows the potential of the novel
10 The model has only a manifest U(1) symmetry, but in fact the
symmetry is SU(2)× SU(2) (see, e.g., [40]).
11 Note that this result is slightly subtle, as the naive expectation
is that ρs is the same as 2 times the coefficient of the kinetic
term in (12), but this is not the case here (see, e.g., [41]).
5FIG. 2. Spin stiffness as a function of m2. At the transition
point m2 = (m2)c = −1.731 (marked with a vertical line),
where the marginal coupling gm = 0 is expected to be zero, it
shows good agreement with the universal value ρs =
1
4pi
(hor-
izontal line). The inlay shows the stiffness at the transition
point for different values of θ between 3.0 and pi.
lattice formulation of abelian gauge theories [5, 6], which
have applications not only to other interesting 2d mod-
els like the asymptotically free CPN−1 models, and flag-
manifold sigma models related to SU(N) spin chains
[19, 42–44], but also for U(1) gauge theories in higher
dimensions. Such formulations allow an enhanced con-
trol over monopoles in abelian gauge theories, which are
relevant for higher-dimensional spin systems (e.g., for de-
confined criticality of anti-ferromagnets in 2 spatial di-
mensions [7]) and the lattice theory of electromagnetism,
where monopoles were thought to be an unavoidable
curse on the lattice.
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SUPPLEMENTARY MATERIALS
Lattice formulation, duality and simulation details
Using the lattice gauge action from Eq. (2) of the let-
ter and the standard discretization of bosonic matter,
i.e., the Higgs fields couple to U(1)-valued link variables
Uµ(x) = e
iAx,µ , the lattice-discretized partition function
for the U(1) gauge-Higgs model we consider reads
Z =
∫
D[A]D[Φ] BG[A; θ] e
−Sm[Φ,A] , (13)
where BG[A; θ] is the gauge field Boltzmann factor
BG[A; θ] =
∏
x∈Λ
∑
nx∈Z
e−
β
2 (Fx+2pinx)
2− iθnx , (14)
with Fx = Ax+1ˆ,2 − Ax,2 − Ax+2ˆ,1 + Ax,1. The matter
action SM [Φ, A] is given by
SH [Φ, A] =
∑
x
[
MΦ†xΦx + λ
(
Φ†xΦx
)2
−
2∑
µ=1
(
Φ†xe
iAx,µΦx+µˆ + c.c.
)]
, (15)
with the mass parameter M defined as M = 4 + m2,
where m is the bare mass. The variable x runs over all
sites of an L1 × L2 square lattice where all fields obey
periodic boundary conditions. The measures in the par-
tition function (13) are the usual product measures over
all degrees of freedom on the sites and links of the lattice.
With the help of Poisson resummation discussed in
Eq. (3) of the letter we can linearize the dependence of
the Boltzmann factor (14) on Fx and after an expan-
sion of the nearest neighbor term Boltzmann factors of
the Higgs field integrate out the gauge fields Ax,µ and the
matter degrees of freedom Φx (see [5, 6] for more details).
The result is an exact rewriting of the partition sum
(1) in terms of flux variables jx,µ, kx,µ ∈ Z which describe
the two matter field components and the plaquette based
variables mx ∈ Z for the gauge degrees of freedom. In
this dual form the partition sum is a sum over the con-
figurations of the new variables,
Z =
∑
{m}
WG[m]
∑
{j,k}
WH [j, k]
∏
x
δ
(
~∇ ·~jx
)
δ
(
~∇ · ~kx
)
(16)
×
∏
x
δ
(
jx,1+kx,1+px−mx−2ˆ
)
δ
(
jx,2+kx,2−mx+mx−1ˆ
)
.
In (16) the sums over the configurations of the new vari-
ables are defined as
∑
{m} ≡
∏
x
∑
mx∈Z and
∑
{j,k} ≡∏
x,µ
∑
jx,µ∈Z
∑
kx,µ∈Z. The weight factor WG[m] for
the plaquette occupation numbers mx ∈ Z is given by
(V = L1L2 denotes the number of sites)
WG[m] = (2piβ)
−V2 e−
1
2β
∑
x
(
mx+
θ
2pi
)2
. (17)
The weight factor WH [j, k] for the scalar fields is a sum
over link-based auxiliary variables ax,µ, bx,µ ∈ N0 with∑
{a,b} ≡
∏
x,µ
∑
ax,µ∈N0
∑
bx,µ∈N0 ,
WH [j, k] =
∑
{a,b}
∏
x
I (fx, gx)
×
∏
x,µ
1
(|jx,µ|+ax,µ)! ax,µ!
1
(|kx,µ|+bx,µ)! bx,µ! ,
I(fx, gx) =
∫ ∞
0
dr
∫ ∞
0
ds r fx+1 s gx+1 e−M(r
2+s2)−λ(r2+s2)2 ,
fx =
∑
µ
[|jx,µ|+ |jx−µˆ,µ|+ 2 (ax,µ + ax−µˆ,µ)] ,
gx =
∑
µ
[|kx,µ|+ |kx−µˆ,µ|+ 2 (bx,µ + bx−µˆ,µ)] . (18)
Obviously the weight factors (17) and (18) are real and
positive for all θ, such that the sign problem is solved.
The dual variables jx,µ, kx,µ and mx obey constraints
that are written as products of Kronecker deltas in (16),
where we use the notation δ(n) = δn,0. These constraints
enforce vanishing divergence ~∇ · ~jx =
∑
µ[jx+µˆ,µ − jx,µ]
at all sites x for both, the j and the k variables, which
implies that they must form closed loops of flux. The
second set of constraints involves all three types of the
dual variables and enforces that for all links the combined
oriented flux of j, k and the plaquette variables mx on
the plaquettes that contain the link must add up to 0.
A suitable Monte Carlo update of the dual form (16)
must take into account the constraints. In our simula-
tion this is implemented by a mix of updates that ensure
ergodicity and a reasonably fast decorrelation of the con-
figurations of the dual variables. More specifically we
change plaquette occupation numbers mx by ±1 and si-
multaneously change the flux of j or k around that pla-
quette. This is combined with worms [45] for doubly
occupied loops where we jointly update j- and k- fluxes
of opposite sign, as well as surface worms [22] that jointly
update flux and plaquette variables. Furthermore we in-
clude a global change of the plaquette occupation num-
bers by proposing to change all mx by the same value
7±1, and finally also make use of the Z2 symmetries of
our system by performing charge conjugation and flavor
swapping updates on our configurations.
We consider various lattice sizes V = L × L with L
ranging from L = 32 up to L = 112. The couplings λ
and β are kept fixed at λ = 0.5 and β = 3.0 for this work
and we study the system as a function of the mass pa-
rameter M = 4+m2. Typically we use statistical sample
sizes of 104 to 107 configurations, which are separated by
10 to 100 decorrelation sweeps. The initial equilibration
is performed with 5× 105 sweeps. The error bars are es-
timated by Jackknife, combined with binning to account
for autocorrelations.
Stiffness in compact scalar theory
The compact scalar Lagrangian in Euclidean space is
given by
L = J
2
(∂µφ)
2 , (19)
where compactness implies the identification φ ∼ φ+ 2pi.
For computing the spin-stiffness we couple the model to
a constant gauge field by replacing ∂1φ → ∂1φ + A1.
Expanding the action we find
S =
∫
d2x
[J
2
(∂µφ)
2
+ J∂1φA1 +
J
2
A21
]
. (20)
We are interested in the theory on a torus with L1, L2
being the lengths of the two cycles. Now we write
φ(x1, x2) =
2piQx1
L1
+ φ˜(x1, x2) , (21)
where φ˜(x1, x2) is periodic, and Q =
∫
dx1∂1φ is the
winding number along the cycle 1. The action turns into
S = J
2
∫
d2x (∂µφ˜)
2 +
JL2
2L1
(2piQ+A1L1)
2
. (22)
Obviously the field φ˜ decouples from the rest, such that
we can consider the partition function
Z =
∑
Q∈Z
e−
JL2
2L1
(2piQ+A1L1)
2
. (23)
Note that the sum above can be expressed in terms of
the Jacobi theta function ϑ3, but we will not need this
form for what follows.
The stiffness is given by
ρs = − 1
L1L2
∂2 logZ
∂A21
∣∣∣
A1=0
= −(2pi)2J2L2
L1
〈
Q21
〉
+ J ,
(24)
where the average is taken with the partition function
(23) at A1 = 0.ρs
J
1
2 π 1π 32 π 2π
1
2 π
1π
3
2 π
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FIG. 3. Plot of the stiffness from the full partition sum (23),
and comparison with the result ρs ≈ J valid for large JL2L1 .
If the combination JL2L1 is sufficiently large, all the val-
ues of Q away from zero are exponentially suppressed
in (23), and we immediately find ρs = J . This is the
usual result, which is valid to significant accuracy, for
the usual BKT transition for L1 = L2, that happens at
J = 2pi [41]. Here, however, we are interested in the point
J = 12pi , which is not sufficiently large to make the above
approximation. The plot in Fig. 3 shows the comparison
of the stiffness result from the full partition sum (23) at
L1 = L2 with the function J to illustrate this.
On the other hand the partition function (23) is peri-
odic with respect to the magnetic flux A1L1 with a period
2pi, as can be seen by inspection. The Fourier expansion
thus is given by
Z =
∑
w∈Z
√
L1
2piJL2
e−
w2L1
2JL2
+iwA1L1 . (25)
The stiffness therefore reads
ρs =
L1
L2
〈
w2
〉
, (26)
where again the average is taken at A1 = 0. Now if
JL2
L1
is sufficiently small, we find that ρs = O(e
− L12JL2 ).
We are interested in the case L1 = L2 = L and J =
1
2pi ,
which is between the two extremes of small and large JL2L1 .
However, in this case it is easy to see that
〈
w2
〉
=
〈
Q2
〉
.
Now identifying (23) and (26), we find
〈
Q2
〉
=
〈
w2
〉
=
1
4pi , and obtain
ρs =
1
4pi
. (27)
